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GROTHENDIECK GROUPS OF TRIANGULATED CATEGORIES
FRANCESCA FEDELE
Abstract. Let k be an algebraically closed field and C a k-linear, Hom-finite triangulated
category with split idempotents. In this paper, we show that under suitable circumstances,
the Grothendieck group of C, denoted K0(C), can be expressed as a quotient of the split
Grothendieck group of a higher-cluster tilting subcategory of C.
Assume that n ≥ 2 is an even integer, C is n-Calabi Yau and has an n-cluster tilting
subcategory T . Then, for every indecomposable M in T , there is an Auslander-Reiten
(n + 2)-angle in T of the form M → Tn−1 → ⋅ ⋅ ⋅ → T0 →M and
K0(C) ≅Ksp0 (T )/⟨
n−1
∑
i=0
(−1)i[Ti]∣M ∈ T indecomposable⟩.
Assume now that d is a positive integer and C has a d-cluster tilting subcategory S closed
under d-suspension. Then S is a so called (d + 2)-angulated category whose Grothendieck
group K0(S) can be defined as a certain quotient of Ksp0 (S). We will show
K0(C) ≅K0(S).
Moreover, assume that n = 2d, that all the above assumptions hold, and that T ⊆ S. Then
our results can be combined to express K0(S) as a quotient of Ksp0 (T ).
1. Introduction
Let k be an algebraically closed field and C be a k-linear, Hom-finite triangulated category
with split idempotents and suspension functor Σ. We denote the split Grothendieck group of
an additive category A by Ksp
0
(A) and the Grothendieck group of an abelian or triangulated
category B by K0(B).
Classic result (Palu). In [10], Palu assumes that C is the stable category of a Frobenius
k-linear category with split idempotents, and that C is 2-Calabi-Yau with a (2-)cluster tilting
subcategory T = add(T ).
Given an indecomposable direct summand M of T , let T̃ be the additive subcategory of
T whose indecomposables are the direct summands of T apart from M . There is a unique
indecomposable M∗ /∈ T such that add(T̃ ∪M∗) ⊆ C is (2-)cluster tilting. Moreover, M and
M∗ appear in two triangles with certain properties, called exchange triangles, of the form:
M∗ → BM →M → ΣM∗ and M → BM∗ →M∗ → ΣM,
where BM and BM∗ are in T̃ . Palu proved the following in [10, theorem 10].
Theorem (Palu). We have that K0(C) ≅K
sp
0
(T )/⟨[BM∗] − [BM]⟩M∈Ind(T ).
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We present higher versions of Palu’s result in two different senses: a “higher-cluster tilting”
one and a “higher-angulated” one.
Higher-cluster tilting version. Let n ≥ 2 be an even integer and assume that C is
n-Calabi-Yau and has an n-cluster tilting subcategory T = add(T ). Recall that Auslander-
Reiten (n + 2)-angles in T were introduced in [5, definition 3.8].
Theorem 4.7. We have that
K0(C) ≅Ksp0 (T )/⟨
n−1
∑
i=0
(−1)i[Ti]
RRRRRRRRRRR
M ∈ IndT with Auslander-Reiten (n + 2)-angle
M → Tn−1 → ⋅ ⋅ ⋅→ T0 →M → ΣnM
⟩.
When n = 2 and the Auslander-Reiten quiver of T has no loops, we have that Theorem
4.7 becomes Palu’s theorem. In this case, if M is an indecomposable direct summand
of U = T , its Auslander-Reiten 4-angle is obtained from the exchange triangles and it is
M → BM∗ → BM →M → Σ2M .
Higher-angulated version. Let d ≥ 1 be an integer and assume that C has a d-cluster
tilting subcategory S = add(S) such that ΣdS = S . Note that S is a (d + 2)-angulated
category with d-suspension Σd, by [3, theorem 1]. Similarly to the way K0(C) is defined,
one can define the Grothendieck group of the (d + 2)-angulated category S as
K0(S) ∶=Ksp0 (S)/⟨
d+1
∑
i=0
(−1)i[Si] ∣ Sd+1 → ⋅ ⋅ ⋅→ S0 → ΣdSd+1 is a (d + 2)-angle in S⟩.
We prove that this is isomorphic to the Grothendieck group of C.
Theorem 5.6. We have that K0(C) ≅K0(S).
Let n = 2d. We now add the assumptions that C is n-Calabi-Yau and that there is an n-
cluster tilting subcategory T = add(T ) ⊆ C such that T ⊆ S . By [9, theorem 5.26], we have
that T ∈ S is an Oppermann-Thomas cluster tilting object, i.e. the corresponding concept in
a (d+ 2)-angulated category of a cluster tilting object in a triangulated category. Theorems
4.7 and 5.6 have the following immediate consequence.
Corollary 6.4. We have that
K0(S) ≅Ksp0 (T )/⟨
n−1
∑
i=0
(−1)i[Ti]
RRRRRRRRRRR
M ∈ IndT with Auslander-Reiten (n + 2)-angle
M → Tn−1 → ⋅ ⋅ ⋅→ T0 →M → ΣnM
⟩.
When d = 1, we have that S = C is a triangulated category with (2-)cluster tilting subcategory
T = add(T ) and, adding the extra assumption that the Auslander-Reiten quiver of T has no
loops, Corollary 6.4 becomes [10, theorem 10]. For higher values of d, Corollary 6.4 proves
a higher-angulated version of Palu’s theorem.
We conclude our paper by illustrating our results in two examples: one for each of the higher
versions of Palu’s theorem. Let q and p be integers and q be odd. We apply Theorem 4.7 to
Cq(Ap), the triangulated q-cluster category of Dynkin type Ap, to show that
K0(Cq(Ap)) ≅ {0, if p is even,
Z, if p is odd.
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We then consider a higher Auslander k-algebra of Dynkin type A and an Amiot cluster
category of it, to find an example of categories
T ⊆ O(A23) ⊆ C4(A23),
such that C4(A2
3
) is triangulated and 4-Calabi-Yau, O(A2
3
) is closed under Σ2 and 2-cluster
tilting in C4(A2
3
) and T is 4-cluster tilting in C4(A2
3
). Applying Theorem 5.6 and Corollary
6.4 to this example, we find that
K0(C4(A23)) ≅ Z⊕Z.
The paper is organised as follows. Section 2 recalls some definitions and results and presents
our setup. Section 3 introduces some morphisms between Grothendieck groups that will be
useful in the rest of the paper. Section 4 proves Theorem 4.7. Section 5 proves Theorem 5.6.
Section 6 presents Corollary 6.4. Finally, Sections 7 and 8 illustrate our two examples.
2. Setup and definitions
Definition 2.1. Let A be an essentially small additive category andG(A) be the free abelian
group on isomorphism classes [A] of objects A ∈ A. We define the split Grothendieck group
of A to be
Ksp
0
(A) ∶= G(A)/⟨[A⊕B] − [A] − [B]⟩.
When A is abelian or triangulated, we can also define the Grothendieck group of A respec-
tively as
K0(A) ∶=Ksp0 (A)/⟨[A] − [B] + [C] ∣ 0→ A→ B → C → 0 is a short exact sequence in A⟩ or
K0(A) ∶=Ksp0 (A)/⟨[A] − [B] + [C] ∣ A→ B → C → ΣA is a triangle in A⟩.
In a similar way, one can define the Grothendieck group of a (d + 2)-angulated category S
as follows.
Definition 2.2 ([2, definition 2.1]). Let d be a positive integer. The Grothendieck group of
a (d + 2)-angulated category S with d-suspension functor Σd is defined to be
K0(S) ∶=Ksp0 (S)/⟨
d+1
∑
i=0
(−1)i[Si] ∣ Sd+1 → ⋅ ⋅ ⋅→ S0 → ΣdSd+1 is a (d + 2)-angle in S⟩.
Definition 2.3 ([7, definition 1.1]). For m ≥ 2 an integer, an m-cluster tilting object of
C is an object U such that U = add(U) ⊆ C is an m-cluster tilting subcategory, that is, a
functorially finite, full subcategory satisfying
U = {C ∈ C ∣ Ext1...m−1C (U ,C) = 0} = {C ∈ C ∣ Ext1...m−1C (C,U) = 0}.
Setup 2.4. Let m ≥ 2 be an integer and U an m-cluster tilting object of C with associated
m-cluster tilting subcategory U = add(U) ⊆ C.
Definition 2.5 ([7, definition 2.1]). There is a homological functor
FU ∶ C →mod(End(U)), FU(−) = C(U,−).
Definition 2.6. If A and B are full subcategories of C, then
A ∗ B = {C ∈ C ∣ there is a triangle A→ C → B → ΣA with A ∈ A, B ∈ B}.
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Definition 2.7 ([7, definition 3.1]). A tower of triangles in C is a diagram of the form
Cl−1
❄
❄❄
❄❄
❄
// Cl−2
❄
❄❄
❄❄
❄
// ⋯ // C2 //
❄
❄❄
❄❄
❄
C1
❄
❄❄
❄❄
❄
Cl
??⑧⑧⑧⑧⑧⑧
Xl−2oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Xl−3oo o/ o/ o/ o/ o/ ⋯ X2
??⑧⑧⑧⑧⑧⑧
X1oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
C0,oo o/ o/ o/ o/ o/ o/
where l ≥ 2 is an integer, a wavy arrow X ///o/o/o Y signifies a morphism X → ΣY , each
oriented triangle is a triangle in C and each non-oriented triangle is commutative.
Definition 2.8 ([7, definition 3.3]). By [5, corollary 3.3], for C ∈ C there is a tower of
triangles in C of the form
Um−2
µm−2
❄
❄❄
❄❄
❄
// Um−3
µm−3
❄
❄❄
❄❄
❄
// ⋯ // U1 //
µ1
❄
❄❄
❄❄
❄
U0
µ0
❄
❄❄
❄❄
❄
Um−1
??⑧⑧⑧⑧⑧⑧
Xm−2oo o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Xm−3oo o/ o/ o/ o/ o/ ⋯ X2
??⑧⑧⑧⑧⑧⑧
X1oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
C,oo o/ o/ o/ o/ o/ o/
where Ui ∈ U and µi is a U -cover for each i. In particular, the Ui are determined up to
isomorphism. The index of C with respect to U is the following element of the Grothendieck
group Ksp
0
(U):
indexU(C) = m−1∑
i=0
(−1)i[Ui].
Remark 2.9. Note that indexU ∶ Obj(C) → Ksp0 (U) induces a homomorphism Ksp0 (C) →
K
sp
0
(U) which we also denote by indexU .
Definition 2.10 ([7, definition 4.1]). There is a homomorphism
θU ∶K0(mod(End(U))) →Ksp0 (U),
defined by
θU([FUN]) = indexU(Σ−1N) + indexU(N)
for N ∈ U ∗ΣU .
Remark 2.11. Note that the fact that θU from Definition 2.10 is well-defined can be proved
using the equivalence of categories (U ∗ ΣU)/[ΣU] ≅ mod(End(U)) from [5, proposition
6.2(3)] and [7, lemmas 4.3, 4.4], see [7, remark 4.2].
3. Morphisms between Grothendieck groups
Definition 3.1. There are surjective homomorphisms given by the quotient maps
piC ∶K
sp
0
(C)Ð→K0(C), piU ∶Ksp0 (U)Ð→Ksp0 (U)/ Im θU ,
and injective homomorphisms given by the inclusions
ιC ∶ KerpiC →K
sp
0
(C), ιU ∶ KerpiU →Ksp0 (U) and jU ∶Ksp0 (U)→Ksp0 (C).
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Remark 3.2. Consider the diagram:
KerpiC _
ιC

KerpiU _
ιU

Ksp
0
(C)
indexU
,,
piC

Ksp
0
(U)
jU
ll
piU

K0(C)
fU
--
K
sp
0
(U)/ Im θU .
∃gU ?
ll
❝❜❛❵❴❫❪❭❬
❩❩
(1)
We will show that
piU ○ indexU ○ jU = piU and piC ○ jU ○ indexU = piC.
We will prove that there exists a morphism fU ∶K0(C)→Ksp0 (U)/ Im θU such that
fU ○ piC = piU ○ indexU .
Moreover, adding some assumptions on C and/or U , we will prove that there exists a mor-
phism
gU ∶K
sp
0
(U)/ Im θU →K0(C)
such that gU ○ piU = piC ○ jU . In this case, fU and gU become inverse isomorphisms. In the
next sections, we consider different sets of extra assumptions under which such a gU exists.
Lemma 3.3. We have that piU ○ indexU ○ jU = piU and piC ○ jU ○ indexU = piC.
Proof. First note that indexU ○ jU = 1Ksp
0
(U) and so piU ○ indexU ○ jU = piU .
Given any object C ∈ C, consider the tower of triangles from Definition 2.8. We have that
indexU(C) = m−1∑
i=0
(−1)i[Ui].
Using the relations in K0(C) corresponding to the triangles in the tower, we have that
piC ○ jU ○ indexU([C]) = piC⎛⎝
m−1
∑
i=0
(−1)i[Ui]⎞⎠ = [C] = piC([C]).
Since this is true for arbitrary C ∈ C, we conclude that piC ○ jU ○ indexU = piC. 
Lemma 3.4. There is a homomorphism fU ∶K0(C)→Ksp0 (U)/ Im θU such that
fU ○ piC = piU ○ indexU .
Proof. There exists a homomorphism fU with the desired property if and only if piU ○ indexU ○
ιC = 0. Note that
KerpiC = ⟨[A] − [B] + [C] ∣ A→ B → C γÐ→ ΣA is a triangle in C⟩.
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For any generator [A] − [B] + [C] of KerpiC corresponding to a triangle A → B → C γÐ→ ΣA
in C, we have that
piU ○ indexU ○ ιC([A] − [B] + [C]) = piU(indexU(A) − indexU(B) + indexU(C))
= piU(θU([ImFU(γ)])) = 0,
where the second equality is obtained by [7, theorem 4.5]. Hence piU ○ indexU ○ ιC = 0 as
desired. 
Proposition 3.5. Suppose there exists a homomorphism gU ∶ K
sp
0
(U)/ Im θU → K0(C) such
that gU ○ piU = piC ○ jU . Then fU and gU are mutually inverse and
K
sp
0
(U)/ Im θU ≅K0(C).
Proof. Using Lemmas 3.3 and 3.4 and gU with the stated property, we have
fU ○ gU ○ piU = fU ○ piC ○ jU = piU ○ indexU ○ jU = piU = 1Ksp
0
(U)/ Im θU ○ piU ,
gU ○ fU ○ piC = gU ○ piU ○ indexU = piC ○ jU ○ indexU = piC = 1K0(C) ○ piC.
Since piU and piC are surjective, and hence right cancellative, we have
fU ○ gU = 1Ksp
0
(U)/ Im θU and gU ○ fU = 1K0(C).

4. n-Calabi-Yau C with n-cluster tilting subcategory T
Setup 4.1. Let n ≥ 2 be an even integer and assume that C is n-Calabi-Yau. Let T ∈ C
be an n-cluster tilting object with associated n-cluster tilting subcategory T = add(T ) ⊆ C.
Without loss of generality, assume that T has no repeated direct summands.
Remark 4.2. Note that, since C is n-Calabi-Yau, it has Serre functor S = Σn. Then, using
the same notation as in [5], the functor Sn ∶= S ○Σ−n is the identity functor on C.
Let M be an indecomposable direct summand of T and T̃ ⊂ T be the additive subcategory
with IndT = IndT ∖ M. Then T = add(T̃ ∪ M). By [5, proposition 3.10], there is an
Auslander-Reiten (n + 2)-angle in T , as defined in [5, definition 3.8], given by a tower of
triangles in C of the form:
Tn−1
τn−1
❄
❄❄
❄❄
❄
// Tn−2
τn−2
❄
❄❄
❄❄
❄
// ⋯ // T1 //
τ1
❄
❄❄
❄❄
❄
T0
τ0
❄
❄❄
❄❄
❄
M
??⑧⑧⑧⑧⑧⑧
Xn−1
ξn−1
oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Xn−2
ξn−2
oo o/ o/ o/ o/ o/ ⋯ X2
??⑧⑧⑧⑧⑧⑧
X1
ξ1
oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
M.
ξ0
oo o/ o/ o/ o/ o/ o/
(2)
Note that T0, . . . , Tn−1 ∈ T , and that by [5, proposition 3.10] the left-most term in (2) is
Sn(M) and here Sn(M) =M by Remark 4.2.
Lemma 4.3. Let M ∈ T be an indecomposable with Auslander-Reiten (n + 2)-angle as in
(2). Then FT (ξi) = 0 for any i = 1, . . . , n − 1.
Proof. By [5, definition 3.8], τi ∶ Ti → Xi is a T -cover of Xi. Hence, for every morphism
τ ∈ C(T,Xi), there is a morphism τ ′ ∶ T → Ti such that τ = τi ○ τ ′. Then,
FT (ξi)(τ) = ξi ○ τ = ξi ○ τi ○ τ ′ = 0,
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where ξi ○τi = 0 because two consecutive morphisms in a triangle compose to zero. Since this
is true for arbitrary τ ∈ C(T,Xi), we conclude that FT (ξi) = 0 for any i = 1, . . . , n − 1. 
Lemma 4.4. Let M ∈ T be an indecomposable and consider diagram (2). Then, as an
element in Ksp
0
(T ), we have
[T0] − [T1] + ⋅ ⋅ ⋅ + [Tn−2] − [Tn−1] = −θT ([SM]),
where SM is the simple End(T )-module that is the top of C(T,M), the projective End(T )-
module corresponding to M .
Proof. Consider the exact sequence induced by the right-most triangle in (2):
C(T,T0) FT (τ0)ÐÐÐ→ C(T,M) FT (ξ0)ÐÐÐ→ C(T,ΣX1)→ C(T,ΣT0).
Note that C(T,ΣT0) = 0 and so ImFT (ξ0) = CokerFT (τ0) = C(T,ΣX1). By [5, definition 3.8],
we have that τ0 ∶ T0 →M is minimal right almost split in T and so
SM ∶= C(T,ΣX1)
is the simple End(T )-module that is the top of C(T,M). Then, by [7, theorem 4.5], we have
[T0] = indexT (T0) = [M] + indexT (X1) − θT ([SM]). (3)
Moreover, since τ1, . . . , τn−1 are T -covers, letting Tn ∶=M , by Definition 2.8 we have
indexT (X1) = n∑
i=1
(−1)i−1[Ti].
Since n is even, substituting this in (3), we conclude that
[T0] − [T1] + ⋅ ⋅ ⋅ + [Tn−2] − [Tn−1] = −θT ([SM]).

Remark 4.5. Note that Lemma 4.4 can be applied to any indecomposable in T . Moreover,
since any simple End(T )-module has the form SM for some indecomposable M ∈ T and
K0(mod(End(T ))) is generated by the equivalence classes of the simple End(T )-modules,
we have
Im θT = ⟨ n−1∑
i=0
(−1)i[Ti] ∣M ∈ IndT with Auslander-Reiten (n + 2)-angle (2)⟩.
Lemma 4.6. There is a morphism gT ∶K
sp
0
(T )/ Im θT →K0(C) such that
gT ○ piT = piC ○ jT .
Proof. Consider diagram (1) with U = T . A morphism gU with the desired property exists if
and only if piC ○ jT ○ ιT = 0. By Remark 4.5, we have
KerpiT = ⟨ n−1∑
i=0
(−1)i[Ti] ∣M ∈ IndT with Auslander-Reiten (n + 2)-angle (2)⟩.
Then, for any generator ∑n−1i=0 (−1)i[Ti] of KerpiT corresponding to the Auslander-Reiten(n + 2)-angle (2), we have
piC ○ jT ○ ιT ( n−1∑
i=0
(−1)i[Ti]) = [T0] − [T1] + ⋅ ⋅ ⋅ + [Tn−2] − [Tn−1] = 0,
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where all the terms cancel because of the relations in K0(C) corresponding to the triangles
in the tower (2) and because n is even. Hence piC ○ jT ○ ιT = 0 and there exists a morphism
gT ∶K
sp
0
(T )/ Im θT →K0(C) such that gT ○ piT = piC ○ jT . 
Theorem 4.7. We have that
K0(C) ≅Ksp0 (T )/⟨
n−1
∑
i=0
(−1)i[Ti]
RRRRRRRRRRR
M ∈ IndT with Auslander-Reiten (n + 2)-angle
M → Tn−1 → ⋅ ⋅ ⋅→ T0 →M → ΣnM
⟩.
Proof. By Lemma 4.6, there exists a homomorphism gT ∶ K
sp
0
(T )/ Im θT →K0(C) such that
gT ○ piT = piC ○ jT . Then, by Proposition 3.5, we have that K0(C) ≅ Ksp0 (T )/ Im θT and, by
Remark 4.5, this completes the proof. 
Remark 4.8. Note that when n = 2 and the Auslander-Reiten quiver of T has no loops,
then Theorem 4.7 becomes [10, theorem 10]. In this case, if M is an indecomposable direct
summand of T , then its Auslander-Reiten 4-angle is M → BM∗ → BM →M → Σ2M , where
BM , BM∗ are defined as in [10, p. 1444]. However, if we do not assume that the Auslander-
Reiten quiver of T has no loops, some of the Auslander-Reiten 4-angles in T do not come
from Palu’s exchange triangles and Theorem 4.7 and [10, theorem 10] are different.
5. A Σd-stable, d-cluster tilting subcategory S ⊆ C
Setup 5.1. Let d ≥ 1 be an integer and S ∈ C be a d-cluster tilting object. Then S = add(S) ⊆
C is a d-cluster tilting subcategory. Assume also that ΣdS = S . Then, by [3, theorem 1], we
have that S is a (d + 2)-angulated category with d-suspension functor Σd.
Remark 5.2. Consider a (d + 2)-angle in S of the form
Sd+1 // Sd // ⋯ // S2 // S1 // S0 // ΣdSd+1.
By [3, theorem 1], it corresponds to a tower of triangles in C:
Sd
❄
❄❄
❄❄
// Sd−1
❄
❄❄
❄❄
// ⋯ // S3 //
❄
❄❄
❄❄
S2
❄
❄❄
❄❄
// S1
❄
❄❄
❄❄
Sd+1
??⑧⑧⑧⑧⑧
Yd−1ηd−1
oo o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧
Yd−2ηd−2
oo o/ o/ o/ o/ o/ ⋯ Y3
??⑧⑧⑧⑧⑧
Y2η2
oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧
Y1η1
oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧
S0.η0
oo o/ o/ o/ o/ o/ o/
(4)
A simple argument shows that the Si → Yi−1 do not need to be S-covers for this tower to
compute indexS(Y1). In other words,
indexS(Y1) = d+1∑
i=2
(−1)i[Si].
Proposition 5.3. We have that
Im θS = { d+1∑
i=0
(−1)i[Si] ∣ Sd+1 → ⋅ ⋅ ⋅→ S0 → ΣdSd+1 is a (d + 2)-angle in S}.
Proof. We prove this by proving that the two inclusions hold.
(⊆). Given any Y ∈ S ∗ΣS , there is a triangle in C of the form
S0
η0
// Y // ΣS1 // ΣS0,
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where S0, S1 ∈ S . Letting Y1 ∶= Σ−1Y ∈ C, we obtain a triangle in C of the form
∆ ∶ Y1 // S1 // S0
η0
// ΣY1.
Since S is d-cluster tilting in C, by [5, corollary 3.3], we can construct a tower of triangles in
C of the form
Sd
❄
❄❄
❄❄
❄
// Sd−1
❄
❄❄
❄❄
❄
// ⋯ // S3 //
❄
❄❄
❄❄
❄
S2
❄
❄❄
❄❄
❄
Sd+1
??⑧⑧⑧⑧⑧⑧
Yd−1ηd−1
oo o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Yd−2ηd−2
oo o/ o/ o/ o/ o/ ⋯ Y3
??⑧⑧⑧⑧⑧⑧
Y2η2
oo o/ o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Y1,η1
oo o/ o/ o/ o/ o/ o/
where S2, . . . , Sd+1 are in S . Putting this together with triangle ∆, we obtain the tower of
triangles (4) in C, which corresponds to the (d + 2)-angle in S :
Sd+1 // Sd // ⋯ // S2 // S1 // S0 // ΣdSd+1.
By [7, theorem 4.5], we have that in Ksp
0
(S):
[S1] = indexS(Y1) + [S0] − θS([ImFS(η0)]).
Moreover, since FS(ΣS1) = 0, we have that FS(η0) is surjective and so
[S1] = indexS(Y1) + [S0] − θS([FS(ΣY1)]).
We have that indexS(Y1) =∑d+1i=2 (−1)i[Si] and so
d+1
∑
i=0
(−1)i[Si] = θS([FS(ΣY1)]) = θS([FS(Y )]).
(⊇). Given a (d + 2)-angle in S of the form
Sd+1 // Sd // ⋯ // S2 // S1 // S0 // ΣdSd+1,
consider the corresponding tower (4) of triangles in C. By Remark 5.2, we have that
indexS(Y1) =∑d+1i=2 (−1)i[Si]. Then, using [7, theorem 4.5], we conclude that
d+1
∑
i=0
(−1)i[Si] = θS([ImFS(η0)]) ∈ Im θS .

Remark 5.4. By Proposition 5.3 and Definition 2.2, we have that
K0(S) =Ksp0 (S)/ Im θS .
Lemma 5.5. There is a morphism gS ∶K0(S) =Ksp0 (S)/ Im θS →K0(C) such that
gS ○ piS = piC ○ jS .
Proof. Consider diagram (1) with U = S . Note that a morphism gS with the desired property
exists if and only if piC ○ jS ○ ιS = 0. Note that, by Proposition 5.3, every element of kerpiS
has the form
d+1
∑
i=0
(−1)i[Si],
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for some (d + 2)-angle in S of the form Sd+1 → ⋅ ⋅ ⋅ → S0 → ΣdSd+1. Such a (d + 2)-angle
corresponds to a tower of triangles in C of the form (4). Then, we have
piC ○ jS ○ ιS( d+1∑
i=0
(−1)i[Si]) = [S0] − ([S0] + [Y1]) +⋯+ (−1)d([Yd−1] + [Sd+1]) + (−1)d+1[Sd+1]
= 0,
where we have used the relations in K0(C) corresponding to the triangles in the tower
(4), for instance [S1] = [S0] + [Y1]. Hence piC ○ jS ○ ιC = 0 and there exists a morphism
gS ∶K
sp
0
(S)/ Im θS →K0(C) such that gS ○ piS = piC ○ jS . 
Theorem 5.6. We have that
K0(C) ≅K0(S).
Proof. By Lemma 5.5, there exists a homomorphism gS ∶ K
sp
0
(S)/ Im θS → K0(C) such that
gS ○ piS = piC ○ jS . Then, by Proposition 3.5, we have that K0(C) ≅ Ksp0 (S)/ Im θS and, by
Remark 5.4, this completes the proof. 
6. The case when n = 2d and T ⊆ S ⊆ C
Setup 6.1. Let d ≥ 1 be an integer and n = 2d. Assume that C is n-Calabi-Yau and T ⊆ S ⊆ C
are such that T = add(T ) is n-cluster tilting in C and S = add(S) is Σd-stable and d-cluster
tilting in C. Then S is a (d + 2)-angulated category with d-suspension Σd.
Definition 6.2 ([9, definition 5.3]). An object T ∈ S is an Oppermann-Thomas cluster tilting
object if:
(a) S(T,ΣdT ) = 0,
(b) for each S′ ∈ S , there is a (d + 2)-angle Td → ⋅ ⋅ ⋅ → T0 → S′ → ΣdTd in S with
Ti ∈ add(T ).
Remark 6.3. Note that T ∈ S from Setup 6.1 is an Oppermann-Thomas cluster tilting
object by [9, theorem 5.25].
Corollary 6.4. We have that
K0(S) ≅Ksp0 (T )/⟨
n−1
∑
i=0
(−1)i[Ti]
RRRRRRRRRRR
M ∈ IndT with Auslander-Reiten (n + 2)-angle
M → Tn−1 → ⋅ ⋅ ⋅→ T0 →M → ΣnM
⟩.
Proof. This follows by combining Theorems 4.7 and 5.6. 
Remark 6.5. When d = 1, we have that S = C is a triangulated category with cluster tilting
subcategory T = add(T ) and, adding the extra assumption that the Auslander-Reiten quiver
of T has no loops, Corollary 6.4 becomes [10, theorem 10] by Palu. For higher values of d,
Corollary 6.4 is a higher-angulated version of Palu’s theorem.
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7. The Grothendieck group associated to Cq(Ap) for q odd
In this section, we compute the Grothendieck group of the triangulated q-cluster category of
Dynkin type Ap for q odd. We start by introducing this category, first defined in [12], and
its geometric realisation, see [8] and [1] for more details.
Let q and p be positive integers and consider the coordinate system on the translation quiver
ZAp illustrated in Figure 1.
●
❄
❄❄
❄❄
❄❄
❄❄
(−q, (p − 1)q + 1)
❄
❄❄
❄❄
❄❄
❄
(0, pq + 1)
❄
❄❄
❄❄
❄❄
❄
(q, (p + 1)q + 1)
❄
❄❄
❄❄
❄❄
❄
(2q, (p + 2)q + 1)
❄
❄❄
❄❄
❄❄
❄❄
❄
(−q, (p − 2)q + 1)
❄
❄❄
❄❄
❄❄
❄❄
??⑧⑧⑧⑧⑧⑧⑧⑧ (0, (p − 1)q + 1)
❄
❄❄
❄❄
❄❄
❄❄
??⑧⑧⑧⑧⑧⑧⑧⑧ (q, pq + 1)
❄
❄❄
❄❄
❄❄
❄❄
??⑧⑧⑧⑧⑧⑧⑧⑧ (2q, (p + 1)q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄❄
❄❄
●
⋰
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
⋰
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
⋰
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
⋰
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
. . . . . . ⋰
??⑧
⑧
⑧
⑧
⑧
⋰
??⑧
⑧
⑧
⑧
⑧
⋰
??⑧
⑧
⑧
⑧
⑧
⋰
??⑧
⑧
⑧
⑧
⑧
. . . . . .
(−q,2q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄
(0,3q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄
(q,4q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄
(2q,5q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄❄
❄
(−q, q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄
(0,2q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄
(q,3q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄
(2q,4q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄❄
❄
●
(−q,1)
??⑧⑧⑧⑧⑧⑧⑧⑧ (0, q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧ (q,2q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧ (2q,3q + 1)
??⑧⑧⑧⑧⑧⑧⑧⑧
●
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
Figure 1. Coordinate system on ZAp.
Definition 7.1 ([8, remark 2.3]). Define the following automorphisms on ZAp:
Σ ∶ ZAp → ZAp, (i, j) ↦ (j − 1, i + (p + 1)q + 1),
τ ∶ ZAp → ZAp, (i, j) ↦ (i − q, j − q),
and let τq+1 = τ ○Σ−q.
Note that (ZAp, τ) is a translation quiver in the sense of [8, definition 2.2]. Hence there
exists a mesh category associated to it. The objects of this category are the vertices of ZAp
and the morphisms are the arrows of ZAp subject to the mesh relations. For each arrow
α ∶ x → y, let σ(α) be the unique arrow σ(α) ∶ τ(y)→ x. The mesh relations are given by
∑
α∶x→y
ασ(α) = 0,
for each vertex y in ZAp.
Remark 7.2 ([8, section 2]). The Auslander-Reiten quiver of the bounded derived category
Db(kAp) is isomorphic, as a stable translation quiver, to ZAp. The automorphisms Σ and τ
from Definition 7.1 are the action of the suspension and the Auslander-Reiten translation in
Db(kAp) respectively, expressed in terms of the coordinate system from Figure 1. Moreover,
the mesh category k(ZAp) is equivalent to IndDb(kAp), i.e. the full subcategory of Db(kAp)
whose objects are the indecomposable objects.
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●(0,q+1) ● ● ● ● ● ● τ−1q+1(0,pq+1)≡(0,pq+1)
●(0,pq+1) ● ● ● ● ● τ−1q+1(0,q+1)≡(0,q+1)
1 2 q
Figure 2. The quotient translation quiver ZAp/⟨τq+1⟩ when q is odd.
The quotient translation quiver ZAp/⟨τq+1⟩ is obtained by identifying the vertices and arrows
of ZAp with their τq+1-shifts. It is the Auslander-Reiten quiver of
Cq(Ap) ∶= Db(kAp)/τ ○Σ−q,
the triangulated q-cluster category of Dynkin type Ap. Figure 2 shows the identification on
ZAp when q is odd. Note that in this case, the quiver can be drawn on a Mo¨bius strip.
Moreover, note that Cq(Ap) is a (q + 1)-Calabi-Yau category whose Hom-spaces between
indecomposables are either zero or one dimensional over k.
7.1. Geometric realisation. We present a geometric realisation of ZAp/⟨τq+1⟩. Let N =(p+ 1)q + 2 and P be a regular convex N -gon. Label the vertices of P from 0 to N − 1 in an
anti-clockwise direction. We denote the diagonal joining vertices i and j by d(i, j).
Definition 7.3 ([8, definition 2.5]). A q-allowable diagonal in P is a diagonal joining two
non-adjacent boundary vertices which divides P into two smaller polygons which can them-
selves be subdivided into (q + 2)-gons by non-crossing diagonals. Note that these are the
diagonals of P spanning 1 + kq vertices, for k a positive integer.
Proposition 7.4 ([8, proposition 2.9]). There is a bijection⎧⎪⎪⎨⎪⎪⎩
q-allowable diagonals
in P
⎫⎪⎪⎬⎪⎪⎭Ð→
⎧⎪⎪⎨⎪⎪⎩
indecomposable objects in Cq(Ap)(= vertices of ZAp/⟨τq+1⟩)
⎫⎪⎪⎬⎪⎪⎭
given by d(i, j)↦ (i, j).
Remark 7.5. If d(i, j) is a q-allowable diagonal in P , then (i, j) might not appear in the
coordinate system of ZAp/⟨τq+1⟩. However, there is always a vertex (i′, j′) in this coordinate
system such that i ≡ i′ (modN) and j ≡ j′ (modN) and we identify (i, j) and (i′, j′).
From now on, q-allowable diagonals in P and indecomposable objects in Cq(Ap) are identified.
Hence it makes sense to talk about morphisms between two q-allowable diagonals.
Definition 7.6. A (q+2)-angulation of P is a maximal collection of non-crossing q-allowable
diagonals.
Proposition 7.7. Assume that q is odd. We have that
K0(Cq(Ap)) ≅ {0, if p is even,
Z, if p is odd.
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Proof. Consider the (q + 2)-angulation T = T0, . . . , Tp−1, where
T0 = (0, q + 1) and Ti = (N − i, (1 + i)q + 1 − i), for 1 ≤ i ≤ p − 1,
see Figure 3. Note that by [8, proposition 2.14] this corresponds to the (q +1)-cluster tilting
object T0⊕⋅ ⋅ ⋅⊕Tp−1. Let T ∶= add(T0⊕⋅ ⋅ ⋅⊕Tp−1) ⊆ Cq(Ap) be the corresponding (q+1)-cluster
tilting subcategory.
0
N−1
N−2
N−p+1
q+1
2q
3q−1
pq−p+2
⋮
T0
T1
T2
Tp−1
Figure 3. The (q + 2)-angulation T .
We want to find the Auslander-Reiten (q+3)-angle starting and ending at Ti for 0 ≤ i ≤ p−1.
Consider i = 0. It can be checked that there are no non-zero morphisms of the form Tj → T0
for 1 ≤ j ≤ p − 1. Hence 0→ T0 is a right minimal almost split morphism in T . We also have
Hom(T ,ΣjT0) = 0 for −q + 2 ≤ j ≤ −1 and so 0 → ΣjT0 is a T -cover for any −q + 2 ≤ j ≤ −1.
Moreover, we have that τq−1 ∶ T1 → Σ−q+1T0 is a T -cover. A method similar to the one
introduced by Pescod in [11, chapter 4], can be used to describe the triangles in Cq(Ap) with
indecomposable end terms. Using this method, we can extend τq−1 to the triangle
ΣT0 → T1
τq−1
ÐÐ→ Σ−q+1T0 → Σ2T0.
Using [5, definition 3.8], the Auslander-Reiten (q+3)-angle starting and ending at T0 is then
the one corresponding to the following tower of triangles:
0
τq
❄
❄❄
❄❄
❄
// T1
τq−1
❄
❄❄
❄❄
// 0
τq−2
❄
❄❄
❄❄
❄
// ⋯ // 0 //
τ1
❄
❄❄
❄❄
❄ 0
τ0
❄
❄❄
❄❄
❄
T0
??⑧⑧⑧⑧⑧⑧
ΣT0oo o/ o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Σ−q+1T0oo o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Σ−q+2T0oo o/ o/ o/ ⋯ Σ−2T0
??⑧⑧⑧⑧⑧⑧
Σ−1T0oo o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
T0.oo o/ o/ o/ o/ o/
In a similar way, we can find the remaining Auslander-Reiten (q + 3)-angles. These are the
ones corresponding to the following towers of triangles:
0
τq
❄
❄❄
❄❄
// Ti+1
τq−1
❄
❄❄
❄❄
// 0
τq−2
❄
❄❄
❄❄
// ⋯ // 0 //
τ2
❄
❄❄
❄❄
Ti−1 //
τ1
❄
❄❄
❄
0
τ0
❄
❄❄
❄❄
Ti
??⑧⑧⑧⑧⑧
ΣTioo o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧
Aioo o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧
ΣAioo o/ o/ o/ o/ o/ ⋯ Σq−4Ai
??⑧⑧⑧⑧⑧
Σq−3Aioo o/ o/ o/
??⑧⑧⑧⑧
Σ−1Tioo o/ o/ o/
??⑧⑧⑧⑧⑧
Ti,oo o/ o/ o/ o/
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where Ai ∶= ((i + 2)q − i, (i + 1)q − i − 1), for 1 ≤ i ≤ p − 2, and
0
τq
❄
❄❄
❄❄
❄
// 0
τq−1
❄
❄❄
❄❄
❄
// ⋯ // 0 //
τ2
❄
❄❄
❄❄
❄ Tp−2
//
τ1
❄
❄❄
❄❄
0
τ0
❄
❄❄
❄❄
❄
Tp−1
??⑧⑧⑧⑧⑧⑧
ΣTp−1oo o/ o/ o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Σ2Tp−1oo o/ o/ o/ o/ ⋯ Σq−2Tp−1
??⑧⑧⑧⑧⑧⑧
Σq−1Tp−1oo o/ o/
??⑧⑧⑧⑧⑧
Σ−1Tp−1oo o/ o/ o/
??⑧⑧⑧⑧⑧⑧
Tp−1.oo o/ o/ o/ o/
Recall that by Theorem 4.7, we have that
K0(Cq(Ap)) ≅Ksp0 (T )/⟨
q
∑
i=0
(−1)i[T i]
RRRRRRRRRRR
M ∈ IndT with Auslander-Reiten (q + 3)-angle
M → T q → ⋅ ⋅ ⋅→ T 0 →M → Σq+1M
⟩.
Using the Auslander-Reiten (q + 3)-angles found and the fact that q is odd, we obtain that
in the quotient group on the right hand side, we have
[T1] = [Tp−2] = 0 and [Ti−1] = [Ti+1] for 1 ≤ i ≤ p − 2.
This implies that
● if p is even, then [Ti] = 0 for all 0 ≤ i ≤ p − 1,
● if p is odd, then 0 = [T1] = . . . [Tp−2] and 0 ≠ [T0] = ⋅ ⋅ ⋅ = [Tp−1].
Hence
K0(Cq(Ap)) ≅ {0, if p is even,
Z, if p is odd.

8. A higher-angulated cluster category of type A
Let p and d be positive integers. We denote by Adp the (d−1)-st higher Auslander k-algebra
of linearly oriented Ap, see [9, section 3]. This is a d-representation finite algebra, in the
sense that it has a d-cluster tilting module and gldim(Adp) ≤ d, see [6, definition 2.19]. Let
modAdp be the category of finitely generated A
d
p-modules and D
b(modAdp) be its bounded
derived category. We denote by S its Serre functor and by Σ its suspension functor.
Definition 8.1 ([9, construction 5.13]). For δ ≥ d, the δ-Amiot cluster category of Adp is
defined to be
Cδ(Adp) = triangulated hull(Db(modAdp)/(Sδ)),
where Sδ ∶= SΣ−δ.
Remark 8.2. The category Cδ(Adp) is a triangulated category containing the orbit category
Db(modAdp)/(Sδ). We do not give a formal definition of triangulated hull here. Note that,
by [9, theorem 5.14], we have that if δ > d, then Cδ(Adp) is Hom-finite and δ-Calabi-Yau.
Remark 8.3. Let M be the unique d-cluster tilting object in Adp. Then
U ∶= add{ΣidM ∣ i ∈ Z} ⊆ Db(modAdp)
is a d-cluster tilting subcategory by [4, theorem 1.21].
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Definition 8.4 ([9, definition 5.22]). The (d+2)-angulated cluster category of Adp is defined
to be the orbit category
O(Adp) = U/(S2d)
Remark 8.5. Note that O(Adp) comes with an inclusion into Db(modAdp)/(S2d) ⊆ C2d(Adp).
Moreover, by [9, theorem 5.24], we have that O(Adp) ⊆ C2d(Adp) is d-cluster tilting and O(Adp)
is (d + 2)-angulated.
Notation 8.6. Let Z be a cyclically ordered set with p + 2d + 1 elements. We can think of
Z as marked points on a circle labeled 1 to p + 2d + 1 in the anti-clockwise direction. Given
three points u, v,w, we write u < v < w if they appear in the order u, v,w when going through
the points in the anti-clockwise direction. Moreover, given two distinct points u and v, we
can consider the interval of points [u, v] and in this “<” is a total order.
For a point v, we denote by v+ its successor and by v− its predecessor in the anti-clockwise
direction. We say that two points are neighbours if one is the successor of the other.
Lemma 8.7 ([9, proposition 6.10]). There is a bijection
IndO(Adp)Ð→ {X = {x0, . . . , xd} ⊂ Z ∣ X contains no neighbouring points}.
We will use it to identify the indecomposable objects of O(Adp) with the sets X . For X ={x0, . . . , xd} ∈ IndO(Adp), we have that
ΣdX = SdX = {x−0 , . . . , x−d}.
Definition 8.8. For X, Y ∈ IndO(Adp), we say that X intertwines Y if we can write X ={x0, . . . , xd} and Y = {y0, . . . , yd} such that
x0 < y0 < x1 < ⋅ ⋅ ⋅ < yd−1 < xd < yd < x0.
Note that in this case also Y intertwines X .
Lemma 8.9 ([9, proposition 6.1]). GivenX and Y in IndO(Adp), we have that ExtdO(Adp)(X,Y ) ≠
0 if and only if X intertwines Y . In this case, ExtdO(Adp)(X,Y ) is one-dimensional over k.
Lemma 8.10 ([9, proposition 6.11]). Let X = {x0, . . . , xd} and Y = {y0, . . . , yd} ∈ IndO(Adp)
be such that
x0 < y0 < x1 < ⋅ ⋅ ⋅ < yd−1 < xd < yd < x0,
so X intertwines Y . Then there is a (d + 2)-angle in O(Adp) of the form
X Ð→ Ed Ð→ . . . Ð→ E1 Ð→ Y Ð→ ΣdX with Er = ⊕
I⊆{0,...,d}
∣I ∣= r
{xi ∣ i ∈ I} ∪ {yj ∣ j /∈ I},
where {xi ∣ i ∈ I} ∪ {yj ∣ j /∈ I} is interpreted as zero if it contains neighbouring points.
An argument combining [9, theorems 2.3, 2.4 and 6.4] can be used to check that the following
lemma holds.
Lemma 8.11. We have that T ⊆ O(Adp) is Oppermann-Thomas cluster tilting if and only
if IndT is a maximal set of non-intertwining elements in O(Adp) of the overall maximal size.
Moreover, the overall maximal size is
(p + d − 1
d
) .
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Remark 8.12. Note that, by [9, theorem 5.25], an object T ∈ O(Adp) is Oppermann-Thomas
cluster tilting if and only if it is 2d-cluster tilting when seen as an object in C2d(Adp).
Hence, if we can find T = add(T ) ⊆ O(Adp) Oppermann-Thomas cluster tilting, we have
T ⊆ O(Adp) ⊆ C2d(Adp),
where C2d(Adp) is triangulated and 2d-Calabi-Yau, O(Adp) is closed under Σd and d-cluster
tilting in C2d(Adp) and T is 2d-cluster tilting in C2d(Adp). That is, we are in the situation of
Setup 6.1 with S = O(Adp) and C = C2d(Adp). We now choose specific values for d and p and,
using our results, we find K0(C2d(Adp)) for these values. The following result will be widely
used for the computations in our example.
Proposition 8.13 ([7, theorem 5.9]). If sd+1 → ⋅ ⋅ ⋅ → s0
γ
Ð→ Σdsd+1 is a (d + 2)-angle in S ,
then
d+1
∑
i=0
(−1)iindexT (si) = θT ([ImFT (γ)]).
Example 8.14. Let p = 3 and d = 2, so that ∣Z ∣ = p+ 2d+ 1 = 8. For simplicity, we write the
indecomposable {x0, x1, x2} as x0x1x2. We have
IndO(A23) = {135,136,137,146,147,157,246,247,248,257,258,268,357,358,368,468}.
Moreover, the object T = 135 ⊕ 136 ⊕ 137 ⊕ 146 ⊕ 147 ⊕ 157 ∈ O(A2
3
) is such that its inde-
composable direct summands are a maximal set of non-intertwining elements in O(A2
3
) of
the overall maximal size ( 3+2−1
2
) = ( 4
2
) = 6. So T = add(T ) ⊂ O(A2
3
) is Oppermann-Thomas
cluster tilting.
Using some 4-angles in O(A2
3
) obtained as described in Lemma 8.10 and [7, lemma 5.6], we
find the index of the indecomposables in O(A2
3
) with respect to T , see Table 1. Brackets [−]
for classes in Ksp
0
(T ) are omitted both in the table and in the rest of this example.
s ∈ O(A2
3
) indexT (s)
135 135
136 136
137 137
146 146
147 147
157 157
246 146 − 136 + 135
247 147 + 135 − 137
248 135
257 157 − 137 + 136
258 136
268 137
357 157 − 147 + 146
358 146
368 147
468 157
Table 1. The index of objects of O(A2
3
) with respect to T .
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s3 → s2 → s1 → s0
γ
Ð→ Σ2s3 [ImFT (γ)] ∈K0(modΓ) θT ([ImFT (γ)])
247→ 257→ 357→ 135
γ
Ð→ 136 [S135] 136 − 146
257→ 357→ 135→ 136
γ
Ð→ 146 [S136] −135 + 137 + 146 − 147
258→ 358→ 135→ 137
γ
Ð→ 147 [S136] + [S137] −135 − 136 + 137 + 146
258→ 268→ 468→ 146
γ
Ð→ 147 [S136] + [S146] −136 + 137 + 146 − 157
268→ 468→ 146→ 147
γ
Ð→ 157 [S137] + [S147] −137 − 146 + 147 + 157
268→ 0→ 0→ 157
γ
Ð→ 157 [S137] + [S147] + [S157] −137 + 157
Table 2. Evaluation of θT at some useful values.
[Sx] ∈K0(modΓ) θT ([Sx])[S135] 136 − 146[S136] −135 + 137 + 146 − 147[S137] −135 + 137 + 146 − 147[S146] 135 − 136 + 147 − 157[S147] 136 − 137 − 146 + 157[S157] 146 − 147
Table 3. Evaluation of θT at the simple Γ-modules Sx.
Consider the endomorphism algebra Γ ∶= EndO(A2
3
)(T ). The indecomposable projective Γ-
modules are Px ∶= HomO(A2
3
)(T,x), for x ∈ T indecomposable. The simple top of Px is then
denoted by Sx. We compute θT ([S]) for every simple Γ-module S. In order to do this, we
choose some morphisms γ in T , extend them to 4-angles in O(A2
3
) using Lemma 8.10, and
compute θT ([ImFT (γ)]) using Proposition 8.13 and Table 1, see Table 2. Then, since θT is
additive, we can compute θT at the simple Γ-modules using Table 2, see Table 3.
Note that ⟨θT ([S]) ∣ S is a simple Γ−module⟩ generates Im θT since K0(modΓ) is generated
by the classes of the simple Γ-modules. Hence, using Table 3, in Ksp
0
(T )/ Im θT we have that
136 = 146 = 147 and 137 = 135 = 157.
By Remark 4.5, Theorem 5.6 and Corollary 6.4, we conclude that
K0(C4(A23)) ≅K0(O(A23)) ≅Ksp0 (T )/ Im θT ≅ Z⊕Z.
References
[1] K. Baur and R. J. Marsh, A geometric description of m-cluster categories, Trans. Amer. Math. Soc.
360 (2008), 5789-5803.
[2] P. T. Bergh and M. Thaule, The Grothendieck group of an n-angulated category, J. Pure Appl. Algebra
218 (2014), 354-366.
[3] C. Geiss, B. Keller and S. Oppermann, n-angulated categories, J. Reine Angew. Math. 675 (2013),
101-120.
[4] O. Iyama, Cluster-tilting for higher Auslander algebras, Adv. Math. 226 (2011), 1-61.
[5] O. Iyama and Y. Yoshino, Mutation in triangulated categories and rigid Cohen-Macaulay modules,
Invent. Math. 172 (2008), 117-168.
[6] O. Iyama and S. Oppermann, Stable categories of higher preprojective algebras, Adv. Math. 244 (2013),
23-68.
[7] P. Jørgensen, Tropical friezes and the index in higher homological algebra, preprint (2018).
math.RT/1806.02108
18 FRANCESCA FEDELE
[8] J. Murphy, Derived equivalence classification of m-cluster tilted algebras of type An, J. Algebra 323
(2010), 920-965.
[9] S. Oppermann and H. Thomas, Higher-dimensional cluster combinatorics and representation theory, J.
Eur. Math. Soc. 14 (2012), 1679-1737.
[10] Y. Palu, Grothendieck group and generalized mutation rule for 2-Calabi-Yau triangulated categories, J.
Pure Appl. Algebra 213 (2009), 1438-1449.
[11] D. Pescod, Homological algebra and friezes, PhD thesis, Newcastle University (2017).
[12] H. Thomas, Defining an m-cluster category, J. Algebra 318 (2007), 37-46.
School of Mathematics, Statistics and Physics, Newcastle University, Newcastle upon
Tyne NE1 7RU, United Kingdom
E-mail address : F.Fedele2@newcastle.ac.uk
